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1. SUMMARY 
Let e(N) > 0 be a function of positive integers N and such that E(N) -+ 0 
and iV+) ---f co as N+ + co. Let Nv,(n:...) be the number of positive 
integers n < N for which the property stated in the dotted space holds. 
Finally, let g(n; N, E, z) be the number of those prime divisors p of n which 
satisfy 
N=(N) < p < NC(N), O<z<l. (1) 
In the present note we show that for each k = 0, -& 1, f2,..., as N - + co, 
lim Y,& : g(n; iV, E, z) - g(n + 1; N, E, z) = k) 
exists and we determine its actual value. The case k = 0 induced the present 
investigation. Our solution for this value shows that the natural density of 
those integers n for which n and n + 1 have the same number of prime 
divisors in the range (1) exists and it is positive. 
2. THE RESULT 
It is a frequently returning problem of number theory to compare proper- 
ties of consecutive integers n and n + 1. When the property is to compare 
given types of prime divisors, the problem can be handled by introducing 
an appropriate additive function g(n) and to investigate the existence of the 
limiting distribution of g(n) - g(n + 1) with suitable normalization. When 
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g(n) itself does not contain additional parameters, which vary when fre- 
quencies are calculated, then an answer is readily available in Kubilius 
[l, Theorem 5.1, pp. 98-991. However, if parameters come in, then no 
general result is available. As a matter of fact, in the problem below, we 
shall get a form of densities (convolution of Poisson types of distributions) 
which cannot occur in connection with a single additive function (for the 
possible limit laws, see [I, pp. 64 and 1021). 
We use the following notations. C(N) > 0 is a function of positive integers; 
g(n; N, E, z) is the number of prime divisors p of n for which (1) holds; and 
finally, Nv,(n:...) is the number of positive integers n < N for which the 
property in the dotted space holds. Our aim is to prove the following result. 
THEOREM. Assume that E(N) > 0 is such that, as N--+ + co, E(N) - 0 
and WtN) --f + 00. Then, for any 0 < z < 1 and for each k = 0, &I, 12 ,..., 
as N-+ +CQ, 
lim Y~(I~ : g(n; N, E, z) - g(n + 1; N, E, z) = k) = We 
exists and 
+a, h2j+lkle-2A 
N’k(Z) = c 
j=. j ! ( j  + I k IF ’ 
h = --log z. (2) 
Proof. Notice that g(n; N, E, z) is a strongly additive function which 
takes the following values for primes p: 
g(p; N, E, 4 = I :, 
if p satisfies (I), 
otherwise. 
Therefore, the result of Kubilius [l], stated in the first half of p. 98 says that 
there is a probability space with probability measure P and random variables 
4 9.N such that 
(0 the ‘iiN s are independent; 
(ii) pcf w,.N = t) = l/P if t = g(p; N, E, z), 
= I/P if t = --g(p; N, E, z), 
= 1 - (2/P) if t = 0; 
and, uniformly in x, 
(iii) vlv(n: g(n; N, E, z) - g(n + 1; N, E, z) < x) 
where r(N) = NFCN) and c is a positive constant. We now apply [I, Lemma 4.6, 
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p. 571. We first note that, for each p and N, the expected value E(tII,N) = 0. 
Furthermore, for any 6 > 0, 
maz, P(I ep,N j 3 6) < 2N-ZE(N) + 0 
as N -+ + co. Therefore, the cited lemma states that if 
KNW = p<;N) j-k x2 mt,,, < -y) -. 
is such that, as N---f + co, 
lim K,(U) = K(U) (3) 
exists for each continuity point u of K(U) and for u = -t co, then 
lim P pzN, f9,N < x) = Wd 
t 
exists in the usual sense of probability theory. However, by definition, 
&r(u) = 0 if u<-1, 
= C* (l/p) if -1 < u < +l, 
= 2 c* U/P) if u>l, 
where C* signifies summation over primes p satisfying (1). By well-known 
estimates for primes, 
c* (l/p) = log log NC(~) - log log Nzs(N) + o(l) = log z + o(l), 
and thus (3) holds with 
K(u) = 0 if u < -1, 
= -log z if-l<u<+l, 
=-210gz if 24 > +l. 
Therefore, (iii) yields, by letting iV - + co, that 
lim v,(n : g(n; N, E, z) - g(n + 1; N, E, z) < x) = F(x) 
exists. The cited lemma also yields that the characteristic function y(t) of F(x) 
is given by 
q(t) = exp (I+” (P - 1 - itu) u-~ cl/C(u)) 
-72 
= exp[2(1 - cos t) log z] = z~(~-~O*~). 
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Since the above v(t) can also be obtained by taking the difference of two 
Poisson variates with parameter A = -log z, the uniqueness theorem of 
characteristic functions yields that F(x) is discrete with jump 
Wk = F(k + 1) - F(k) 
at the integer k and that wk: satisfies (2). The Theorem is thus established. 
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